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Abstract 

Cl, 

Chiral theories of constituent quarks interacting with bosons and photons at high temperatures are 
studied. In the expected chirally symmetric phase effective electromagnetic anomalous couplings for 
XI ■ e.g. ira — > 77, 7 — > mma, etc., are derived by applying functional methods. 
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1 Introduction 



In this contribution we discuss our approach Q to confirm the interesting conjecture by Pisarski [||, ||] , 
who pointed out that although the chiral (abelian as well as nonabelian) anomaly ||] in terms of 
fundamental fields is temperature independent Q, the manifestation of the anomaly, however, in terms 
of effective fields changes with temperature. When considering e.g. 7r° — > 27 the observation j|, |3| is: 
"In a hot, chirally symmmetric phase, 7r° doesn't go into 27, but does" ! 

In the following we restrict our discussion to these electromagnetic couplings, which have first been 
found |2|, |3| in the framework of the constituent quark model (7j by calculating the contribution from 
the Feynman one-loop triangle (box) diagrams at nonzero, high temperature T. 

Our approach also starts from the linear sigma model with constituent quarks interacting with 
bosons and photons j?]]. In order to include the effect of the axial anomaly on the bosons we transform 
the basis of right- and left-handed quarks following Manohar et al. (8|, but we take into account 
a chirally symmetric phase @ at high T. At T = and in the spontaneously broken phase this 
procedure gives the anomalous couplings by applying functional methods for the evaluation of the 
fermion determinant in connection with path integrals [jlC|| . 



2 Effective Chiral Lagrangians 

We consider the SU(2)l ® SU (2)r lagrangian for Nc coloured right- and left-handed quarks parame- 
trized in the linear form ("£- basis"), 

£ = ip L i$ipL + ip R i0ipR - g(ip L T,ip R + ip R Y)ip L ) + C hoson , (2.1) 

with the SU{2) matrix @ £ = a + iT-n. The electromagnetic interaction is as usual, — > d^ + ieQA^, 
where is the photon field and Q = 1/2 (1/3 + T3). The explicit form of the boson lagrangian 
C-boson is not needed. Although in the strictly symmetric phase the constituent quark mass m has to 
vanish, we nevertheless introduce explicitly a breaking term 

C m = -m^V- (2.2) 

We treat m as an explicit regularization parameter, which is finally removed in the symmetric phase 
by performing the limit m — > 0. However, we do not break the chiral symmetry spontaneously by the 
standard redefinition of the scalar field a. 

We change the quark fields Q by 

4>L = t?i>L , ipR = £?Pr, (2.3) 



("£- basis") defining a unitary matrix £ in such a way that the quark-pion coupling ( |2.1[ ) becomes re- 
placed by a derivative coupling. In the symmetric phase we obtain for nonvanishing m, after expanding 
in terms of the boson fields (a, 7?) up to quadratic terms, 

it ■ tt . ,. 

e - exp , 2.4 

2{m/g + a) 

which replaces the transformation matrix in the broken phase, 



where F w is the pion decay constant. In the chirally broken phase the transformation ( |2.5D may be 



obtained from (2.4) by first shifting a ^< a > + a = F n + a and then performing the well defined 
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limit m — ► 0, while the dynamical a field becomes heavy and decouples. However, approaching the 
symmetric phase, where < a > and F n vanish, the a field does not decouple and the mass parameter 
has to be kept asm^O. 

The transformation ( |2.3| ) yields 

C = - m)tf + C boson + 0(^?V') , (2.6) 

with 

D^ = d^ + ieQA^ + iV ^ + i~A^ 5 , (2.7) 
where e.g. the axial current becomes, keeping m/0 fixed and expanding in the fields, 

1 / n \ ^ JYI 

A »-n — [(— -ff)r-5 M 7f-f-7?V] + -" • ( 2 - 8 ) 
2 \m J g 

It is important to notice that because of the factor (g/m) 2 the current becomes singular for m — > 0, 
and as a consequence the symmetric limit is not immediately obtained. 

Although the lagrangian remains invariant under the transformation ( p.3| ) , the jacobian is not unity, 
as it is well known. Thus, in order to obtain equivalent low-energy physics in both representations, 
i.e. in the "£-" as well as in the basis", we have to calculate the fermion determinant for the 
transformation ( |2.3D at high temperature, and finally we have to perform the chirally symmetric limit 
for m — > 0. 



3 Zeta- Regular izat ion at High Temperature 

The jacobian for the transformation (2.3) of the quark fields is determined by standard steps 



First one defines infinitesimal transformations by introducing a continous parameter t, < t < 1, and 
extending the transformation (K2 



£ it = exp[ ltT 11 ] = exp[^vr] . (3.1) 
2{m/g + a) 



The effective lagrangian is defined by 

d 4 x C odd = 2 f 1 dt tr(vf 75 ) , (3.2) 
Jo 

where £ dd contains the interactions in the odd-intrinsic-parity sector of the chiral model under con- 
sideration. In the following we only consider local terms as given by a Taylor expansion in t. 

In order to derive the anomalous coupling in leading order for — > 27 in the chirally symmetric 
phase, we assume that the thermal bath is constituted by the tt° and a fields, to which external photons 
are coupled, i.e. the photons are not thermalized due to their small electromagnetic coupling. In this 
respect we differ from Pisarski's treatment 0, where the photons are kept in thermal equilibrium with 
7T° and a. 

To be explicit we have to look for the nonvanishing contributions to 

Cp = lim 2N C [' dt tr' ( T f° 7 5 ts(x)M , (3.3) 
m^o Jo 2{m/g + a) 



where we apply the zeta function method [O] to regularize (3^3). tr' indicates the Dirac and flavour 



trace. This method is combined with the expansion for the heat kernel (7j (for massive fermions) 
H(x, r) by the relation, 

1 f°° 

( s (x) = —— / drr s - l H{x,r) . (3.4) 
T s Jn 
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At T = 0, in the broken phase, the £- function regularization starts with a convergent expression Cs( x ) 
for s > 0, which is then analytically continued to s = 0. At high T, i.e. in the chirally symmetric 
phase, we propose to continue in the variable s in such a way that a non-trivial limit for £. dd, i-e. 
here for £^7, is finally obtained in the m — > limit. 

A few technical steps have to be performed: 



at high T it is convenient to continue first to euclidean coordinates and momenta (j>e = (p>P4))j 

introducing a complete set of energy (Matsubara) and momentum eigenstates one obtaines the 
expansion for the heat kernel fl3.4|), 



H(x, t) ~ ^ T S | exp[-r(p| + m 2 )] a 2 . (3.5) 



Here only the electromagnetic couplings in ( |2.7D are kept, where expressed in terms of the 
electromagnetic field tensor we have a = Terms of O(t ,t 1 ), which either give 

vanishing contributions after taking the Dirac trace in fl3.3| ), or do not contribute at T = 0, or 
lead to interactions in higher orders of the boson fields at high T, are dropped. E sums the 
fermionic frequencies = 2irT(n + 1/2) with integer n; 



in order to evaluate the Matsubara frequency sum we first perform the r-integration in (3.4) 
inserting ( |3.5| ); it is convenient to introduce the following dimensionless functions [^] I(y 2 ;s + 
2, g), where y = m/(2xT). For s > they have the series expansion [12], 



T s / (tW g + U a+2 55 (^F^ /(y2; s + 2 '^ } (3 - 6) 

"' " : ^r(fc + S + l/2)C(2fc + 2a + 1, J) y 2k , 



(27r) 2s + 1 4vr 3 /2r( s + 2) u fc! K ' ' 2' 

where the Hurwitz zeta-function is related by ((z, i) = (2 2 — l)C(^) to the Riemann function 
Q{z). It is crucial to realize that only even powers in (m/T) are present in (3.6); 



• taking care of the proper dimension of r in ( |3.5| ) we multiply by T 2s ; an additional normalization 
factor N(s), with N(s = 0) = 1, is allowed, which for s < is, 

m , (2vr) 2 - rq/2-a) cq^jfj) r , 7 , 

iV(s) = r(3/2) T(-s) • (3 ' 7) 

After performing these steps the leading term of the function Cs|27(^) can be written as (in Minkowski 
metric) 

«^|P^«'^,^. (3.8) 

We collect the terms in Cs|27(^) with different powers in m, i.e. in y 2 , in order to finally perform the 
chirally symmetric limit. 
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4 Anomalous Electromagnetic Couplings 



We now give the anomalous coupling for — > 27 in the chirally symmetric phase. Expanding 
(3,3) in the fields (a, tt), e.g. l/(m/g + a) ~ g/m — (g 2 /m 2 )a, it is seen, that the symmetric limit 



m — > is no longer trivial. However, from ( |3.g| ) and the expansion ( p.6| ) with respect to m , one 
finds by adjusting the value of s to s = — 1 that the term proportional to y 2 indeed leads to a finite 
nonvanishing value in the m — ► limit. In addition all the other coefficients in (3.6) for k 7^ 1 vanish 
due to the pole at s = — 1 of T(s) in(|3.8|), from which we calculate 

C s= _!(x) = -C(3, i) Cs=o(x) = y 2 <r 2 • (4.1) 

Keeping the term linear in the a field the m — > limit is well defined, and the effective lagrangian for 
7r°<7 — > 27 finally becomes 

2 7 _ 7C(3) g 2 aN c „ ua/3 , „ x , 4 9 n 

The effective photon coupling to neutral particles (-7r ,cr) given in ( [4.2| ) is manifestly gauge invariant. 
By comparing the above coupling at high T with the well known one @, |5| at T = we note the 
substitution 

1 7C(3) ff 2 

which is in agreement with the derivation given by Pisarski 

In a corresponding fashion the anomalous couplings linear in F^u for e.g. 7 — > 37r <t may be 
derived, which turn out to be in leading order (keeping s = —2) proportional to £(5) ff 4 /T 4 at high 
temperature. 

Generalizing the result ( [4.2[ ) to the case of SU(3) allows to obtain the radiative two-photon cou- 
plings for the processes rj (rj') a — ► 27 in the chirally symmetric limit. There are also additional 
anomalous couplings between photons and mesons with more than one a field. 



5 Conclusions 

Finally, one may ask about phenomenological consequences, i.e. possible observable effects, of these 
high temperature anomalous couplings. An interesting case for testing ( |4.2| ) - and those related to the 
anomalous interactions of vector mesons |j| at high T - are photon- and dilepton measurements. 

In this context we mention the production of low-mass lepton pairs in heavy ion collisions at high 
energies | |13| |. In order to interpret these data, especially for dilepton masses below the p meson mass, a 
detailed knowledge of the electromagnetic interactions of tt°, rj, rj' , u>, p, etc. in a high density hadronic 
environment (i.e. maybe in a chirally symmetric phase at high T) is important. 

Anomalous couplings of interacting bosons at high temperatures, e.g. for KK — > nnna, have 
been derived [l], [|, |§. However, we do not find a simple compact expression, comparable to the 
Wess-Zumino-Witten action [|l4|] at T = 0, except that all these couplings vanish in the T — > 00 limit. 
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